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1. Introduction: The Quest for Certainty and the 
Crisis in the Foundations of Mathematics 

 

1.1 The Logicist Dream and Cantor's Set Theory 

In the late 19th and early 20th centuries, a palpable optimism reigned in the world of 
mathematics. Driven by advances in analytical rigor and formal logic, the ambitious idea 
emerged that all of mathematics could ultimately be reduced to fundamental logical 
principles, a movement known as logicism. In parallel, the German mathematician Georg 
Cantor developed his set theory, offering a seemingly solid and unified conceptual framework 
for much of existing mathematics. 
 
Cantor intuitively defined a set as "a collection into a whole of definite, distinct objects of our 
perception or of our thought." This naive theory, despite its conceptual simplicity, proved to 
be extraordinarily powerful, allowing for the first time a rigorous mathematical treatment of 
the actual infinite, introducing the concepts of transfinite cardinal and ordinal numbers, and 
exploring the surprising properties of infinite sets. Cantorian set theory was quickly perceived 
as a possible fundamental basis for all of mathematics, a "paradise," in the words of David 
Hilbert, from which no mathematician should be expelled. 
 
Figures like Frege attempted to carry out the definitive axiomatization of this theory, seeking 
to culminate the process of formalizing mathematics. 
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1.2 The Rude Awakening: The Discovery of Paradoxes 

This foundational optimism was abruptly cut short with the discovery of a series of paradoxes 
inherent in naive set theory. A paradox, in the mathematical context, is a reasoning that, 
starting from apparently self-evident premises and applying accepted rules of inference, 
leads to a logically contradictory conclusion.  
 
These contradictions were not mere logical puzzles; they pointed to deep inconsistencies in 
the very foundations upon which the mathematical edifice was intended to be built. They 
arose from applying intuitive principles, such as the unrestricted freedom to form sets based 
on any definable property, to collections that turned out to be "too large" or involved a 
problematic form of self-reference.  
 
The impact of these paradoxes was seismic, generating a profound "foundational crisis" that 
forced the mathematical community to critically re-evaluate the basic principles of logic and 
set theory. The seemingly unshakable certainty of mathematics was questioned, initiating an 
intense period of debate and reconstruction. 
 
 

1.3 Structure of the Report 

This report delves into the heart of this foundational crisis and its repercussions. It will begin 
with a detailed analysis of the key paradoxes that triggered it: Russell's, Cantor's, and Burali-
Forti's. Next, it will examine the main responses and strategies developed to overcome these 
contradictions, focusing on Russell and Whitehead's Theory of Types and, more extensively, 
on the Zermelo-Fraenkel axiomatic system with the Axiom of Choice (ZFC), which would 
become the de facto standard.  
 
Subsequently, it will explore the various philosophical currents that emerged or were 
consolidated in response to the crisis, including logicism, intuitionism, formalism, Platonism, 
and structuralism, outlining the current philosophical landscape. It will delve into the 
metamathematical and philosophical implications of results such as Skolem's Paradox and 
Putnam's model-theoretic argument, which question the absolute nature of set-theoretic 
concepts.  
 
Finally, it will address the impact that a new logical language, called ULOGIC (and its 
declared capabilities), could have on both the philosophy of mathematics and the 
development of a new type of advanced neurosymbolic AI architecture. 
 
 
 



(*) Important note: how to tell History? 
 
The objective of this document (in its second part) is to present ULOGIC as a radical 
innovation in the conception of formal languages and the philosophy of logic-
mathematics, but all of it anchored in a pre-existing tradition of important problems in this 
field. Nothing happens in a vacuum. 
 
In the first part, we must take a historical journey through the philosophy and foundations of 
mathematics, its problems, and solutions. But narrating the history of any scientific field is a 
monumental challenge: 
 

(a) If we present historical concepts and theories from a deep critical perspective, 
explaining the differences with what we NOW know, we increase understanding, but 
we falsify history. This is the usual practice in 99% of science history books. 
 

(b) If we present historical concepts and theories "as they were spoken of at the time" 
(the same words change meaning over time), we need an almost infinite extension-
immersion that, while more real, ends up confusing and overwhelming us. 

 
Theories are "glasses for seeing the world." ULOGIC is not merely a formal language, but also 
a different philosophy about what logic and mathematics are. 
 
To "be able to understand in a critically explanatory way" (one step beyond) what logicism, 
formalism, intuitionism, the ZFC axioms, model theory, and a long etcetera were, we need an 
alternative theory like ULOGIC. But that is already "another History." 
 
The narrative that follows in the first part tells the "History of recent logic and philosophy of 
mathematics" using the words and expressions that are commonly used (without 
attempting to delve into a critical-explanatory critique). 

 
This constitutes the necessary "starting point" for understanding and thinking about new 
theories and ideas. But new theories have an effect: The need to tell History in another way, 
because we begin to see things that were previously hidden (that will be a task for another 
article). 
 



 
2. The Inherent Contradictions of Intuition: Key 
Paradoxes of Set Theory 

Naive set theory, based on the intuition of grouping objects with common properties, was 
revealed to be fundamentally flawed by allowing the formation of certain collections that led 
to irresolvable logical contradictions. Three of these paradoxes were particularly influential in 
precipitating the foundational crisis. 
 

2.1 Russell's Paradox (1901): The Set of All Sets That Do Not Contain 
Themselves 

Discovered by Bertrand Russell in 1901, this paradox struck directly at the heart of the most 
basic principle of naive theory: the idea that any well-defined property can be used to form a 
set. 
 
Detailed Explanation: Russell considered the property that a set has if it is not a member of 
itself. Most intuitive sets, like the set of prime numbers or the set of chairs in a room, are not 
members of themselves. However, some conceivable sets, like "the set of all abstract ideas" 
(which is itself an abstract idea), could be considered members of themselves. Russell then 
proposed forming the set R of all sets that are not members of themselves. Formally, R = {x | x 
∉ x}. 

 
The Contradiction: The crucial question is: does R belong to itself? Two exhaustive 
possibilities arise, and both lead to a contradiction: 

1. If R ∈ R, then R must satisfy the property that defines its members, which is R ∉ R. This is a 

contradiction. 
2. If R ∉ R, then R satisfies the property required to be a member of R, so R ∈ R. This is also a 

contradiction. 
The inescapable conclusion is that R ∈ R ⟺ R ∉ R, a direct violation of the principle of non-

contradiction. 
 
The Barber Analogy: To popularize the logical structure of the paradox, Russell devised the 
barber analogy: "In a town, there is a single barber who shaves all the men in the town who do 
not shave themselves, and only them. Does the barber shave himself?" If he shaves himself, 
he violates the condition of only shaving those who do not shave themselves. If he does not 
shave himself, then he meets the condition to be shaved by the barber (himself), so he should 
shave himself. The structure P ⟺ ¬P is identical. 
 



Root Cause: Russell's paradox exposes the inconsistency of the Unrestricted 
Comprehension (or Abstraction) Principle, implicit in naive theory. This principle states 
that for any property φ(x) we can define, there exists a set Y = {x | φ(x)} whose elements are 
exactly the objects x that satisfy φ(x). Russell showed that the property φ(x) ≡ x ∉ x cannot 

consistently define a set under this principle. 
 
Impact: The paradox had a devastating effect, especially because Russell communicated it 
to Gottlob Frege just as he was publishing the second volume of his Grundgesetze der 
Arithmetik, a work that attempted to ground arithmetic in logic through a system based on a 
version of the comprehension principle. The paradox showed that Frege's system was 
contradictory. It also revealed problems in Cantor's original conception. 

 

2.2 Cantor's Paradox: The Universal Set and its Power 

This paradox, related to Georg Cantor's work on infinite cardinality, arises when trying to 
apply the concept of a power set to the totality of all sets. 
 
Context: A fundamental result of Cantor is his Power Set Theorem, which states that for 
any set A, the cardinality of its power set P(A) (the set of all subsets of A) is strictly greater 
than the cardinality of A. Formally, |P(A)| > |A|. The standard proof uses a diagonal argument: 
if a surjective function f: A → P(A) existed, one could construct a subset B = {x ∈ A | x ∉ f(x)} 

that cannot be the image of any element of A under f, contradicting surjectivity. 
 
The Paradox: Now consider the hypothetical existence of a Universal Set V, defined as the 
set containing all possible sets. If V is a set, we can consider its power set P(V). By the 
definition of V, every element of P(V) (which is a subset of V, and therefore a set) must also 
be an element of V. This implies that P(V) is a subset of V, and therefore, its cardinality cannot 
be greater: |P(V)| ≤ |V|.  However, Cantor's Theorem, applied to the set V, unequivocally states 
that |P(V)| > |V|.  We have reached a contradiction: the cardinality of the power set of the 
universal set must be simultaneously greater than and not greater than the cardinality of the 
universal set itself. 
 
Implication: The conclusion is that the initial assumption of the existence of a universal set V 
containing absolutely all sets is untenable within the Cantorian framework (and later, within 
ZFC). The idea of a "totality of all sets" as a completed set is inherently contradictory. 

 



2.3 The Burali-Forti Paradox (1897): The Set of All Ordinal Numbers 

Named after Cesare Burali-Forti, although possibly known to Cantor earlier, this was the first 
of the set-theoretic paradoxes to be published and concerns the collection of all ordinal 
numbers. 
 
Context: Ordinal numbers generalize the natural numbers to describe the order types of 
well-ordered sets. A set is well-ordered if every non-empty subset has a least element. The 
ordinals themselves form a well-ordered sequence under the membership relation (or 
inclusion, in the standard von Neumann construction where each ordinal is the set of all 
preceding ordinals: 0=∅, 1={0}, 2={0,1},..., ω={0,1,2,...}). A key property is that any set of 

ordinals well-ordered by membership is, itself, an ordinal. 
 
The Paradox: Let's assume that the collection of all ordinal numbers forms a set, which we 
will denote by On. 

1. Since On is a set whose elements are ordinals, and it is well-ordered by the 
membership relation (which coincides with < for ordinals), On itself must be an ordinal 
number. 

2. If On is an ordinal, then it must belong to the collection of all ordinals. That is, On ∈ On. 

3. However, a fundamental property of ordinals (which derives from the later Axiom of 
Regularity, but was also intuitively accepted) is that no ordinal can be a member of 
itself (α ∉ α for every ordinal α). Therefore, On ∈ On is a contradiction. 

 
Alternative Argument: If On is an ordinal, then we can form the successor ordinal On+1 = On 
∪ {On}. Clearly, On < On+1. However, since On is the set of all ordinals, it must contain On+1, i.e., 
On+1 ∈ On. But membership between ordinals implies the < relation, so On+1 < On. We have 

reached the contradiction On < On+1 and On+1 < On, which violates the trichotomy of the 
order of ordinals. 
 
Implication: The collection of all ordinal numbers cannot constitute a set. It is an 
"inconsistent multiplicity" (in Cantor's terminology) or a proper class (in later terminology), a 
collection too large to be a manageable set within the theory. 

 

2.4 The Common Root of the Paradoxes (the current “analysis and 
vision”) 

Although they manifest in different domains (generic sets, cardinals, ordinals), these three 
classic paradoxes share an underlying structure and reveal a fundamental flaw in the naive 
conception of a set. In each case, an attempt is made to form a collection that represents an 



absolute or self-referential totality, and then that totality is treated as if it were just another 
object within the same system of rules that generated it. 
 
● Russell's paradox arises from applying the comprehension principle to the property x 

∉ x, an inherently self-referential property. The resulting set R is defined in terms of all 
sets that satisfy the property, and then it is asked whether R itself satisfies it, leading to 
a contradictory loop. 
 

● Cantor's paradox arises from considering the totality V of all sets. The power set 
operation P is applied to this totality, and then an attempt is made to compare the size 
of P(V) with V, assuming that P(V) must be contained within the totality V, which 
clashes with Cantor's theorem demanding that P(V) be strictly larger. A maximum 
totality is assumed, and an operation is applied that generates something larger, which 
should still fit within that totality. 
 

● The Burali-Forti paradox arises from treating the totality On of all ordinals as a 
completed set. This would allow the properties of ordinals to be applied to On itself 
(being an ordinal, having a successor), which leads to a contradiction with its supposed 
maximality or with the well-founded structure of ordinals. 

 
 
 
The study of these paradoxes has led to a "de facto consensus" on their origin and solution, 
which can be summarized as follows: 
 
In essence, the paradoxes demonstrate that sets cannot be formed unrestrictedly based on 
any property (Russell), nor can the existence of sets containing "everything" of a certain type 
(Cantor, Burali-Forti) be assumed without falling into contradictions.  
 
The intuition that any conceivable collection is a "manageable" set fails for these "too large" 
or self-referential totalities. The fundamental lesson is that a restriction is needed: either one 
limits which properties can define sets, or one introduces a hierarchy that prevents the 
formation of these problematic totalities and direct self-reference. Subsequent solutions, 
such as the Theory of Types and ZFC, will adopt precisely these restrictive strategies. 

 



3. Responses to the Crisis: Restriction and 
Formalization 

The revelation of the paradoxes forced mathematicians and logicians to seek new 
foundations that would avoid contradictions without sacrificing the expressive power 
necessary for mathematics. Two main approaches emerged: the Theory of Types and 
Axiomatic Set Theory (mainly ZFC). 
 
 

3.1 The Theory of Types (Russell & Whitehead, Principia Mathematica) 

Bertrand Russell, along with Alfred North Whitehead, developed the Theory of Types as a 
direct attempt to block the identified paradoxes, based on the diagnosis that they arose from 
"vicious circles" in definitions. 
 
Motivation and Vicious Circle Principle: Russell argued that the paradoxes shared a 
common feature: defining an entity (set, proposition) by referring to a totality to which the 
entity itself belongs. To avoid this, he proposed the Vicious Circle Principle (VCP): "No 
totality can contain members definable only in terms of that totality," or, equivalently, 
"Whatever presupposes all the members of a collection must not be one of them." 
 
Simple Type Hierarchy: The basic idea is to stratify the universe of discourse into mutually 
exclusive logical types. At the lowest level (type 0) are individuals (non-set objects). At the 
next level (type 1) are classes (or properties) of individuals. At type 2 are classes of 
classes of individuals, and so on. The fundamental rule is that a class (or propositional 
function) of type n+1 can only have members (or arguments) of type n. This makes 
expressions like "x ∈ x" or "x ∉ x" syntactically invalid or meaningless, as x cannot be of the 

same type as its own elements. Russell's paradox is thus blocked by the system's grammar. 
 
Ramified Hierarchy and Orders: To also address semantic paradoxes (like the Liar, which 
involves propositions that talk about themselves or totalities of propositions to which they 
belong), Russell and Whitehead introduced a finer subdivision within each type: orders. The 
order of a propositional function or proposition depends on the quantifiers it contains. A 
function is of order n+1 if it quantifies over variables of order n. This prohibits impredicative 
definitions, where an entity is defined by quantifying over a totality that includes the entity 
itself. The Liar paradox ("This proposition is false") is blocked because a proposition that talks 
about a totality of propositions must be of a higher order than the propositions in that 
totality, preventing direct self-reference. 
 
 



The Axiom of Reducibility: The ramified hierarchy, while effective against paradoxes, 
proved too restrictive to develop standard mathematics, particularly real analysis, which 
crucially depends on impredicative definitions (like the definition of the supremum of a set of 
real numbers). To overcome this, Russell and Whitehead introduced the Axiom of 
Reducibility. This axiom postulates that for any propositional function (of any order), there 
exists a predicative propositional function (i.e., of minimal order, usually 1, without 
problematic quantifiers) that has exactly the same extension (is true for the same 
arguments). In essence, it "collapses" the hierarchy of orders for extensional purposes, 
allowing the necessary mathematics to be recovered. However, this axiom was widely 
criticized for lacking logical or intuitive justification, being considered an ad hoc hypothesis 
designed solely to save the system.¹ Russell himself expressed doubts about its status. 
 
Impact and Legacy: Principia Mathematica was a monumental work that showed how a 
large part of mathematics could, in principle, be derived from a logico-axiomatic system. 
Although the ramified theory and the axiom of reducibility were largely superseded by ZFC as 
a basis for pure mathematics, the central idea of hierarchical typing has proven enormously 
fruitful in other fields. The Simple Theory of Types (eliminating the hierarchy of orders and 
the axiom of reducibility, proposed by Chwistek and Ramsey) is fundamental in modern logic. 
Furthermore, various forms of type theory are crucial in theoretical computer science (type 
systems in programming languages, typed lambda calculus) and in formal linguistics. 

 

 

3.2 ZFC Axiomatic Set Theory (Zermelo-Fraenkel + Choice) 

The approach that ultimately prevailed as the standard for the foundations of mathematics 
was axiomatic set theory, initiated by Ernst Zermelo and later refined by Abraham Fraenkel 
and Thoralf Skolem, usually supplemented with the Axiom of Choice (AC), giving rise to ZFC. 
General Philosophy: Unlike the attempt to define the essence of a "set," ZFC adopts an 
axiomatic approach. It does not say what sets are, but rather postulates a series of axioms 
that describe their basic properties and, crucially, stipulate the allowed operations for 
forming new sets from pre-existing ones. The goal is twofold: to be restrictive enough to 
avoid the known paradoxes that plagued naive theory, but at the same time to be powerful 
enough to serve as a basis for the vast structure of modern mathematics. It starts from the 
idea of a universe of sets built iteratively. 
 
The Axioms of ZFC: The system consists of the following axioms (or axiom schemas): 

1. Axiom of Extensionality: Two sets are equal if and only if they have exactly the same 
elements. It establishes that a set is determined solely by its content, not by how it is 
described or ordered. Formally: ∀x∀y(∀z(z∈x ↔ z∈y) → x=y). 



2. Axiom of the Empty Set: There exists a set that contains no elements, denoted by ∅. It 

provides the indispensable starting point for the construction of sets. Formally: ∃x∀y(y∉x).  

3. Axiom of Pairing: Given any two sets x and y, there exists a set {x,y} that contains 
exactly x and y as elements. It allows for the formation of small, specific sets and is the 
basis for defining ordered pairs (e.g., (x,y)={{x},{x,y}}) and, consequently, relations and 
functions. Formally: ∀x∀y∃z∀w(w∈z ↔ (w=x ∨ w=y)). 

4. Axiom of Union: For any set F (whose elements are themselves sets), there exists a set 
⋃F that contains precisely all the elements that belong to some element of F. It allows 

"flattening" a set of sets into a single set. For example, the union of two sets A∪B is 

defined as ⋃{A,B}. Formally: ∀F∃A∀Y(∀x(x∈Y ∧ Y∈F) → x∈A). 

5. Axiom of Power Set: For any set x, there exists a set P(x) (or P(x)) whose elements are 
all the subsets of x. It is a very powerful axiom, essential for generating sets of higher 
cardinality (the basis of Cantor's Theorem) and fundamental for mathematical analysis. 
Formally: ∀x∃y∀z(z∈y ↔ z⊆x), where z⊆x is an abbreviation for ∀w(w∈z → w∈x). 

6. Axiom Schema of Specification (or Separation): For any set A and any property φ(x) 
(expressible as a formula in the language of ZFC, possibly with parameters), there 
exists a set B that contains exactly those elements x of A that satisfy the property φ(x). 
Formally, for each formula φ where y is not free: ∀z₁...∀zₙ∀A∃B∀x(x∈B ↔ (x∈A ∧ 

φ(x,z₁,...,zₙ))). This schema is the direct response to Russell's paradox. It replaces the 

unrestricted comprehension principle with a restricted one: sets cannot be created 
"out of thin air" based on properties; one can only separate subsets from already 
existing sets. This prevents forming the set R={x|x∉x} because it would require a universal 

set A from which to separate the x's that satisfy x∉x, and ZFC (as we will see with Regularity 

and Replacement) does not allow such a universal set. 

7. Axiom Schema of Replacement: If a formula φ(x,y,z₁,...,zₙ) defines a function F in the 

sense that for each x in a set A, there exists a unique y such that φ(x,y,...) holds, then the 
image of A under this function, i.e., the set {y | ∃x∈A such that φ(x,y,...)}, also exists. 

Formally, for each formula φ where B is not free: ∀z₁...∀zₙ∀A. This schema, added by Fraenkel 

and Skolem, is significantly stronger than Specification. It allows for the construction of 
"larger" sets than the starting set and is necessary to guarantee the existence of 
certain large limit ordinals and inaccessible cardinals, ensuring that the hierarchy of 
sets is sufficiently rich.  

8. Axiom of Infinity: There exists at least one inductive set. A set X is inductive if ∅∈X and 

for each y∈X, the set y∪{y} (the "successor" of y) is also in X. This axiom guarantees the existence 

of at least one infinite set, which serves as the basis for constructing the set of natural 
numbers N (usually defined as the smallest inductive set). Formally: ∃X(∅∈X ∧ ∀y(y∈X → 

y∪{y}∈X)). 

 



9. Axiom of Regularity (or Foundation): Every non-empty set x contains at least one 
element y such that x and y are disjoint (i.e., x∩y=∅). This axiom explicitly prohibits sets that 

contain themselves (like x={x}) and infinite descending chains of membership 
(⋯∈x₃∈x₂∈x₁). It ensures that the universe of sets is "well-founded," constructed 

hierarchically from the empty set using the operations allowed by the other axioms (the 
von Neumann cumulative hierarchy). Although many parts of mathematics do not use it 
directly, it is crucial for the overall structure of set theory and helps to avoid certain 
pathologies. Formally: ∀x(x≠∅ → ∃y(y∈x ∧ x∩y=∅)). 

10. Axiom of Choice (AC): For every collection (set) F of non-empty sets, there exists a 
function f (called a choice function) with domain F such that for each set A∈F, f(A)∈A. 

Intuitively, it allows for the simultaneous selection of one element from each set in an 
infinite collection, even if there is no definable rule for making the choice. It is 
independent of the other axioms of ZF (proven by Gödel and Cohen). It is essential for 
proving many standard theorems in algebra (every vector space has a basis), topology 
(Tychonoff's Theorem), and analysis. However, it is the most controversial axiom due to 
its non-constructive nature (it doesn't say how to choose) and some of its 
consequences considered paradoxical or non-intuitive, such as the Well-Ordering 
Theorem (every set can be well-ordered) and the Banach-Tarski paradox (a sphere can 
be decomposed and reassembled into two identical spheres). The theory ZF without 
the Axiom of Choice is denoted simply as ZF, while ZFC includes AC. 

 
 
 
ZFC as a Standard.  
The opinion, vision, and consensus on the status of ZFC could be stated as follows: 
 
 “Despite the controversy over AC and the inherent limitations demonstrated by Gödel 
(incompleteness, unprovability of ZFC's consistency within ZFC) and Skolem (existence of 
countable models), ZFC has established itself as the predominant axiomatic system for set 
theory and, by extension, as the foundational framework accepted by the vast majority of 
practicing mathematicians. Its success lies in its ability to formalize almost all known 
mathematics in a seemingly consistent and relatively manageable manner.” 
 
 
 



3.3 The Shift in Focus: From Definition to Axiomatization 

The paradox crisis marked a crucial turning point in the philosophy and practice of 
mathematical foundations. The initial attempt to base mathematics on an intuitive and 
conceptual definition of "set," as proposed by Cantor, along with the seemingly obvious 
principle that any property defines a set (Unrestricted Comprehension), proved to be 
inherently contradictory. The response was not to refine the definition, but to radically 
change the approach. 
 
Russell's Theory of Types was a first attempt to save a form of logicism by restricting the 
syntax of the language to avoid circular or self-referential formations. However, the approach 
that ultimately prevailed, embodied in ZFC, was even more radical: it completely abandoned 
the attempt to define what a set is in terms of essential properties or prior intuitions. Instead, 
it adopted a formal axiomatic approach. ZFC does not define "set" or "membership" but 
treats them as primitive terms whose behavior is regulated by the axioms.⁵ 
 
The axioms of ZFC act as the rules of a game or, more precisely, as postulates specifying 
which "moves" are legitimate in the universe of sets. Axioms like Pairing, Union, Power Set, 
Infinity, and Replacement specify which sets exist or can be constructed from others. Axioms 
like Extensionality and Regularity specify fundamental structural properties of the set-
theoretic universe. 
 
And, crucially, the Schema of Specification replaces unrestricted comprehension with a 
controlled version that only allows forming subsets of already existing sets, thus directly 
blocking Russell's paradox. The Axiom of Regularity blocks other pathological formations like 
x={x}. 
 
This change represents a transition from a perspective based on intuitive semantics (what 
does it mean to be a set?) to one based on syntax and formal structure (what rules govern 
the manipulation of the symbols for set and membership?). The justification for ZFC lies not 
so much in its correspondence with a prior intuition (which was shown to be fallible), but in its 
ability to avoid known paradoxes, its power to derive the vast majority of accepted 
mathematics, and its (presumed, though unprovable) internal consistency. The question of 
whether the axioms are "true" in some absolute sense takes a backseat to their utility and 
formal coherence. 
 



3.4 Summary Table of ZFC Axioms 

The following table summarizes the axioms and axiom schemas that make up ZFC, along with 
an informal description of their content and their main purpose within the system. 
 
Axiom / Schema Informal Formulation Main Purpose 
Extensionality Two sets are equal if they have 

the same elements. 
Defines the identity of sets 
based solely on their content. 

Empty Set There exists a set with no 
elements (∅). 

Provides a starting point for 
constructing other sets. 

Pairing Given two sets x, y, the set 
{x,y} exists. 

Allows creating small, specific 
sets; basis for ordered pairs, 
relations, functions. 

Union For any set of sets F, the union 
of its elements ⋃F exists. 

Allows combining the elements 
of several sets into one. 

Power Set For any set x, the set P(x) of all 
its subsets exists. 

Fundamental for generating 
sets of higher cardinality 
(Cantor's Theorem) and for 
analysis. 

Specification (Separation) For any set A and property φ, 
the subset of A with elements 
that satisfy φ exists. 

Replaces unrestricted 
comprehension; avoids 
Russell's paradox by only 
allowing the formation of 
subsets. 

Replacement The image of a set under a 
function (definable by a 
formula) is also a set. 

Ensures the existence of large 
infinite sets and limit ordinals 
necessary for a rich hierarchy. 

Infinity There exists an inductive set 
(containing ∅ and closed under 

the successor operation 
y↦y∪{y}). 

Guarantees the existence of at 
least one infinite set; basis for 
constructing the natural 
numbers. 

Regularity (Foundation) Every non-empty set x has an 
element y such that x∩y=∅. 

Prohibits x∈x and infinite 

descending chains of 
membership; ensures the well-
foundedness of the set 
universe. 

Choice (AC) For every family of non-empty 
sets, there exists a function 
that chooses one element 
from each set. 

Allows for non-constructive 
infinite choices; essential for 
many theorems, but 
controversial. 



4. Philosophical Views on the Nature of Mathematics 

The foundational crisis not only spurred technical developments like the Theory of Types and 
ZFC but also intensified the philosophical debate about the very nature of mathematics, its 
object of study, and the source of its truth. 
 

4.1 The Classic Debate: Logicism, Intuitionism, Formalism 

The three "great schools" of philosophy that dominated the debate in the early 20th century 
offered divergent responses to the crisis: 
 
● Logicism: Headed by Gottlob Frege and Bertrand Russell, logicism held the radical 

thesis that mathematics is, in essence, a branch of logic. It proposed that all 
mathematical concepts could be defined using only pure logical terms, and that all 
mathematical theorems could be derived as logical theorems from a set of purely 
logical axioms and rules of inference. The monumental work Principia Mathematica by 
Whitehead and Russell was the most ambitious attempt to carry out this program.⁸ 
However, logicism faced insurmountable obstacles. Russell's paradox demonstrated 
the inconsistency of Frege's initial system. Furthermore, to be able to derive standard 
mathematics, Principia Mathematica had to include axioms (like the Axiom of Infinity 
and the controversial Axiom of Reducibility) whose status as purely logical truths was, 
at best, dubious. This considerably weakened the claim that mathematics was only 
logic. 
 

● Intuitionism: Led by the Dutch mathematician L.E.J. Brouwer, and later logically 
formalized by Arend Heyting and philosophically defended by Michael Dummett, 
intuitionism adopts a radically different stance: mathematics is a constructive 
activity of the human mind. Mathematical objects do not exist in a Platonic realm nor 
are they mere symbols; they exist only to the extent that they can be constructed by 
the mind. Mathematical truth is not correspondence with an external reality, but 
verification through a mental construction, i.e., a constructive proof. This 
perspective has profound consequences. It rejects non-constructive proofs (like some 
proofs by contradiction) that assert the existence of an object without showing how to 
find or construct it. Crucially, it rejects the universal validity of the Law of the 
Excluded Middle (LEM), the classical logical law that states that for any proposition P, 
P∨¬P is true. For an intuitionist, to assert P∨¬P requires having a construction that proves P or 

a construction that proves ¬P (shows that P leads to a contradiction). If one has neither, 
LEM cannot be asserted. This leads to the development of an intuitionistic logic 
(formalized by Heyting) and a reconstruction of much of mathematics on constructive 
grounds, resulting in a mathematics significantly different from the classical one in 



some aspects (e.g., in the theory of the continuum). Dummett, in particular, argued for 
intuitionism based on the philosophy of language, maintaining that the meaning of 
mathematical statements must be tied to their verification conditions (constructive 
proof), not to potentially unverifiable truth conditions. 
 

● Formalism: Associated primarily with David Hilbert, formalism emerged as a pragmatic 
response to the crisis, seeking to ensure the consistency of mathematics without 
necessarily pronouncing on its ultimate meaning. The formalist view considers pure 
mathematics as the manipulation of symbols according to explicit formal rules, 
analogous to a game like chess. Mathematical theories are rigorously axiomatized in 
formal systems, and theorems are simply sequences of formulas derived from the 
axioms according to the rules of inference. The question of whether these symbols or 
formulas correspond to any reality (physical or abstract) is considered external to 
mathematics itself; what is crucial is the consistency of the formal system. The 
ambitious Hilbert's Program consisted of: 1) Formalizing all of classical mathematics in 
a finite axiomatic system. 2) Proving the consistency of this system using only finitistic 
methods (mathematical reasonings considered absolutely safe and intuitively evident, 
which do not involve problematic actual infinities). This consistency proof would be 
carried out within a new discipline called Metamathematics, which studies formal 
systems as mathematical objects. The goal was to provide a secure justification for the 
use of non-constructive and infinitistic methods (criticized by intuitionists) by 
demonstrating that they could not lead to contradiction. However, Kurt Gödel's 
Incompleteness Theorems (1931) dealt a devastating blow to Hilbert's program. 
Gödel's second theorem showed that no consistent formal system powerful enough to 
express basic arithmetic can prove its own consistency using only its own means. This 
implied that the central goal of Hilbert's program (to prove the consistency of 
mathematics with finitistic methods, presumably formalizable within mathematics itself) 
was unattainable as conceived. 
 
 

4.2 Contemporary Perspectives: Platonism, Structuralism, and Others 

Following the impact of Gödel's results and the relative decline of the three great classical 
schools, the contemporary philosophy of mathematics is characterized by a diversity of, 
often more nuanced, approaches. 
 
● Platonism/Mathematical Realism: Despite the challenges, Platonism remains an 

influential position, defended in various forms by philosophers and mathematicians 
such as Gödel, Wigner, Steiner, Zalta, and Penrose. The central thesis is that 
mathematical objects (numbers, sets, functions, etc.) exist objectively in an 
abstract realm, independent of the human mind, and mathematical truths are 



discoveries about this reality. Arguments in its favor include the indispensability of 
mathematics for the empirical sciences (Quine-Putnam argument: if our best scientific 
theories are true and quantify over mathematical entities, we must accept the 
existence of these entities), the apparent objectivity and universality of mathematical 
truths, and the mathematical intuition that many practitioners report having (Gödel 
considered mathematical intuition analogous to sensory perception). However, 
Platonism faces serious challenges, primarily Benacerraf's epistemological dilemma: 
if mathematical objects are abstract and causally inert (they do not interact with the 
physical world), how can we, physical beings, obtain reliable knowledge about them?. 
Another challenge is Benacerraf's identification problem: if the natural numbers, for 
example, can be identified with different set-theoretic constructions (von Neumann's 
ordinals, Zermelo's, etc.), what are the numbers really? To which specific abstract 
object do our numerical terms refer? 

 

● Structuralism: Arising in part as a response to Benacerraf's identification problem, 
structuralism proposes that the object of study in mathematics is not individual 
objects, but structures or patterns of relations. Mathematical objects, like numbers, 
are understood as positions within a structure, defined solely by their relations with 
other positions in that structure. For example, the number '3' in the structure of natural 
numbers is simply 'the third place' or 'the successor of 2', without any intrinsic nature 
beyond its structural role. Key figures include Paul Benacerraf (whose work posed the 
problem), Michael Resnik, and Stewart Shapiro. There are variants: ante rem 
structuralism (Shapiro) holds that structures exist as abstract universals, regardless of 
whether there are concrete systems that exemplify them; in re (or in rebus) 
structuralism holds that structures only exist in the systems that instantiate them. 
Structuralism offers an attractive view that seems close to mathematical practice 
(where one often speaks of isomorphisms and structural properties), but it faces its 
own challenges, such as explaining the ontological nature of structures (especially in 
the ante rem version) and how we access them. 
 

● Other Currents: In addition to these, other perspectives exist: Fictionalism (Hartry 
Field) considers mathematics to be a useful fiction; mathematical claims are not literally 
true because abstract objects do not exist, but they are useful because they are 
'conservative' over physical theories. Nominalism in general denies the existence of 
abstract objects, seeking to reinterpret mathematics without them. Naturalism 
(Maddy, Quine) argues that the philosophy of mathematics should be informed by and 
consistent with established mathematical and scientific practice, avoiding radical 
revisionisms based on purely philosophical considerations. Quasi-empiricism 
(Lakatos) emphasizes the fallible and evolutionary nature of mathematical knowledge, 
viewing it as a process of conjectures, proofs, and refutations, similar to the scientific 
method. 



4.3 The Post-Gödel Philosophical Landscape 

Gödel's Incompleteness Theorems had a profound and lasting impact on the debate about 
foundations. By demonstrating the inherent limitations of formal systems, they undermined 
confidence in Hilbert's formalist program and complicated the aspirations of logicism. For 
some, like Gödel himself, his results reinforced a Platonic view, suggesting that mathematical 
truth transcends formal provability. 
 
Currently, there is no philosophical consensus on the foundations of mathematics.  
 
The "great schools" of the 20th century have evolved or given way to more nuanced and 
often hybrid positions.  

• Platonism remains a strong option but faces persistent epistemological challenges. 
• Structuralism offers an attractive alternative but with its own ontological questions.  
• Forms of moderate constructivism coexist with classical mathematics, often seen as 

the study of a particular type of mathematical reality (the constructible) rather than a 
total replacement.  

• The contemporary debate often focuses on more specific issues: the justification of 
new axioms (like the axioms of large cardinals in set theory), the nature of 
mathematical proof, the explanation of the applicability of mathematics to science, 
and the philosophical interpretation of independence results like the undecidability of 
the Continuum Hypothesis in ZFC. 
 

 

4.4 The Unresolved Tension between Formalization and Meaning 

A common thread throughout this history is the persistent tension between the drive for 
rigorous formalization and the need to account for the meaning, truth, and objectivity we 
intuitively attribute to mathematics. The original crisis arose precisely because the naive 
formalization of intuition led to contradictions. 
 
The attempted solutions sought to restore formal coherence, but often at the cost of 
sacrificing part of the intuitive meaning or introducing philosophically problematic elements. 
Logicism failed to reduce everything to pure logic. Formalism tried to declare intrinsic 
meaning irrelevant, but Gödel's theorems showed that even formal consistency, a concept 
with metamathematical meaning, could not be secured from within.²⁷ Intuitionism prioritized a 
specific constructive meaning, but at the price of rejecting substantial parts of classical 
mathematics considered meaningful by the majority. 
 
Even ZFC, the standard formal framework, does not resolve this tension. Skolem's results 
demonstrate that the semantics of ZFC (its interpretation in models) is inherently relative; the 



formal system fails to fix an absolute meaning for crucial concepts like "uncountable." This 
leaves the door open to divergent philosophical interpretations. 
 
Platonism and structuralism try to fill this gap by postulating a reality (abstract or structural) 
that formal systems describe, but, as seen, they face their own dilemmas about how that 
reality relates to our formal systems and our knowledge. 
 
Thus, the relationship between syntax (formal systems, proofs) and semantics (meaning, 
truth, reference to objects or structures) remains a core of fundamental and unresolved 
debate in the philosophy of mathematics. None of the major currents has managed to offer a 
universally accepted explanation that fully reconciles formal rigor with the rich 
phenomenology of mathematical practice and applicability. 
 
 

5. The Relativity of the Set-Theoretic Universe: 
Skolem's Paradox and the Model-Theoretic Argument 

The metamathematical results obtained in the 20th century, particularly the Löwenheim-
Skolem Theorem, revealed surprising and philosophically challenging properties about formal 
axiomatic systems like ZFC, leading to questions about the absolute nature of fundamental 
set-theoretic concepts. 
 

5.1 The Löwenheim-Skolem Theorem (LST) 

This theorem is a central result of model theory for first-order logic. It has two main parts: 
 
● Downward LST: States that if a first-order theory (formulated in a countable language) 

has an infinite model, then it has a model whose domain is countable (infinite). More 
generally, if a theory has an infinite model of cardinality κ, and λ is an infinite cardinality 
less than or equal to κ (and greater than or equal to the cardinality of the language), 
then the theory has a model of cardinality λ that is an elementary substructure of the 
original model. 
 

● Upward LST: States that if a first-order theory has an infinite model of cardinality κ, 
then it has models of any infinite cardinality λ > κ (provided that λ is greater than or 
equal to the cardinality of the language). 

 
Since ZFC is usually formulated as a first-order theory with a countable language, and 
assuming that ZFC is consistent and has a model (which would necessarily be infinite by the 
Axiom of Infinity), the downward LST implies that ZFC must have a countable model. 



 
5.2 Skolem's Paradox 

This consequence of the LST leads to a seemingly paradoxical situation, pointed out by 
Thoralf Skolem in 1922. 
 
The Apparent Contradiction: On the one hand, ZFC is a powerful theory that allows proving 
the existence of uncountable sets. The most famous example is the set of real numbers R, or 
equivalently, the power set of the natural numbers P(N), whose uncountability is proven by 
Cantor's diagonal argument. Therefore, any model of ZFC must satisfy the theorem "There 
exist uncountable sets." On the other hand, the LST guarantees that, if ZFC is consistent, it 
possesses a countable model, let's call it M. The domain of M, dom(M), is a countable set. 
The "sets" within this model are the elements of dom(M). The "membership" relation in the 
model, ∈M, is a (countable) subset of dom(M)×dom(M). The question is: how can this model M, 

which from an external perspective only contains a countable number of objects (the "sets" 
of M), satisfy a theorem that asserts the existence of "uncountable" sets? 
 
Resolution - The Relativity of the Notion of Countability: The apparent contradiction 
dissolves upon understanding that the countability or uncountability of a "set" S 
(represented by an element s∈dom(M)) is defined within the model M. A set s is "countable in 
M" if there exists within M a bijective function f (represented by another element f∈dom(M)) 

that maps the set of "natural numbers in M" (represented by NM∈dom(M)) onto s (more precisely, 

onto the set {x∈dom(M) | (x,s)∈∈M}). The key point is that, although dom(M) is countable from the 

outside, the model M can be "too poor" to contain the necessary bijective function to establish 
the countability of certain internal "sets." From an external perspective (the metatheory 
where we construct M), a bijection may exist between N and the set of elements that M 
considers as P(N)M. However, this external bijection may not correspond to any object 
("function") within M. Therefore, M satisfies the statement "P(N) is uncountable" because, 
according to its own internal resources, no bijection exists in M to prove otherwise. 
 
Not a Formal Contradiction: Skolem did not prove an inconsistency in ZFC. What he 
revealed was a surprising and counter-intuitive property of the first-order axiomatization of 
set theory: the notion of cardinality (countable/uncountable) is not absolute, but relative to 
the model under consideration. The result is an "anomaly" or a "novel feature" of formal 
systems, not a logical paradox in the sense of Russell. 

 



5.3 Philosophical Implications: Skolem and Putnam 

Skolem's paradox and the underlying LST have had profound philosophical repercussions, 
particularly in the debate over realism and the nature of mathematical concepts. 
 
Relativity of Set-Theoretic Concepts (Skolem): Skolem himself interpreted his result as a 
critique of the ability of axiomatic set theory (specifically, that formulated in first-order logic) 
to adequately capture the intuitive notions of Cantorian set theory. He argued that 
fundamental concepts such as "finite set," "countable set," "uncountable set," and even 
"well-ordered," lost their absolute character and became relative to the model or formal 
system chosen. If ZFC admits countable models where "uncountable" sets "exist," then the 
first-order axiomatization fails to fix the intuitive meaning of "uncountable." This led Skolem 
to question whether axiomatic set theory could truly serve as the ultimate and secure 
foundation for all of mathematics. 
 
Putnam's Model-Theoretic Argument against Metaphysical Realism: Decades later, the 
philosopher Hilary Putnam took up and extended the line of argumentation based on LST to 
launch an attack on metaphysical realism, the philosophical view that the world consists of 
a fixed totality of mind-independent objects, and that truth consists in a correspondence 
between our theories/language and that structured reality. Putnam argued that if we assume 
our "ideal theory" of the world T (which passes all imaginable observational and theoretical 
tests) is formalizable in first-order logic and has an intended model (the real world, assuming 
it is infinite), then, by LST and other model-theoretic results (like the permutation argument, 
which shows that the terms of the theory can be reinterpreted by permuting the objects of 
the domain without changing the truth values of the sentences), T will also have unintended 
models (countable, permuted, etc.) that are indistinguishable from the intended ones from 
the point of view of the theory itself and of all operational and theoretical constraints we can 
add. 
 
Indeterminacy of Reference (Putnam): Putnam's conclusion is that there is nothing in the 
theory T nor in any additional constraint ("just more theory," Putnam argued, as any 
constraint must be expressed theoretically and is therefore subject to reinterpretation) that 
can uniquely fix the reference of the theory's terms to the objects and properties of the 
intended model (the real world). The relationship between words and the world becomes 
radically indeterminate or relative. This, according to Putnam, undermines the central notion 
of metaphysical realism of a unique and objective correspondence between language and an 
independent, pre-structured reality. As an alternative, Putnam proposed internal realism, 
where truth and reference only make sense within an accepted conceptual scheme or theory, 
renouncing the "God's Eye View" of metaphysical realism. 

 



5.4 First-Order Logic: Blessing or Curse? 

Both Skolem's paradox and Putnam's model-theoretic argument depend crucially on the 
specific properties of first-order logic (FOL), the standard logical framework in which ZFC is 
formalized. In particular, they are consequences of the Löwenheim-Skolem Theorem and the 
Compactness Theorem (which states that a set of sentences has a model if and only if every 
finite subset has a model¹¹¹). 
 
These properties make FOL a metamathematically "nice" system: it is complete (in Gödel's 
sense: every logical truth is provable) and compact. These features are extremely useful for 
proving the existence of models and other metamathematical results. However, it is precisely 
these properties that reveal the expressive weakness of FOL. FOL cannot distinguish 
between countable and uncountable infinite models that satisfy the same sentences 
(downward LST), nor can it force its infinite models to have a specific cardinality. It cannot 
uniquely characterize (up to isomorphism) fundamental infinite structures like the natural 
numbers or the real numbers (due to the existence of non-standard models). 
 
This inability to "pin down" the structure of infinite models is the root of Skolem's paradox 
and the indeterminacy of reference argued by Putnam. More powerful logics, such as 
second-order logic (where quantification over properties and relations is allowed, not just 
over individuals), can categorically characterize the naturals (second-order Peano axioms) 
and the reals (second-order completeness axiom). In second-order logic (with standard or 
full semantics), the LST does not hold in the same way, and there are no countable models 
for theories that postulate uncountable sets. However, second-order logic loses the desirable 
metamathematical properties of FOL: it is incomplete (there are unprovable second-order 
logical truths) and not compact. 
 
Therefore, the choice of FOL as the framework for ZFC represents a fundamental trade-off. 
Powerful metamathematical tools are gained (completeness, compactness, LST) that 
facilitate the formal study of the theory, but the price paid is a limited expressiveness that 
generates philosophically puzzling phenomena like Skolem's relativity and Putnam's 
indeterminacy. This tension reflects the inherent difficulty of formally capturing intuitive 
concepts about infinity, totality, and the relationship between language and the reality it 
purports to describe. 
 
 



6. ULOGIC: What impact would a language with 
“ULOGIC” capabilities have on Logic and 
Computation? 

 
 

6.1 Description of ULOGIC 

ULOGIC is postulated as a fundamentally new and more powerful logical language than 
current systems, characterized by: 
 

● Definition of the concept "Set": It allows defining "what a set is" in a way that 
intrinsically avoids contradictions, eliminating the need to type hierarchies (as in 
Russell) or restrictive axiomatic systems (like ZFC). In fact, the solution to set-theoretic 
contradictions stems from the "discovery" that mathematical definitions are not 
"eliminable abbreviations" (this is a logical heresy, but it is the reality that modern set 
theory brought with it). The problem of "sets" was never with the sets themselves, but 
with the "definitions that are neither abbreviations nor eliminable." 

● Internal Semantics: ULOGIC expressions are not interpreted "in anything external" (as 
in formal logic and Tarskian semantics). Meaning is internal and derived from the 
interrelationships of some expressions with others and from the rules of manipulation. 

● Safe Self-Reference: It possesses the ability to refer to itself and its own expressions 
without generating the classic logical paradoxes (like the Liar or Russell's). 

● Logical-Algorithmic Integration: Algorithms are not external entities described by the 
system, but are expressions within the ULOGIC system itself. Furthermore, the 
executions of these algorithms and logical derivations (proofs) are also expressions 
representable and manipulable within ULOGIC. 

● Integrated Meta-Level Capability: ULOGIC can "talk about itself," allowing reasoning 
about its own properties, expressions, and processes without the need for a formalized 
external metalanguage. 

● TekDocs and Reusable Knowledge: It introduces a type of document called a 
"TekDoc," which encapsulates results (theorems, algorithms, data, proofs, executions). 
Crucially, TekDocs are also expressions of the ULOGIC system. These TekDocs can 
interconnect, forming a global network of formal, verified, and reusable knowledge. 

 
 



6.2 Potential Impact on the Foundations of Mathematics 

If a system with the properties described for ULOGIC were achievable (as we claim), its 
impact on the foundations and philosophy of mathematics would be transformative, 
addressing many historical difficulties: 

• Overcoming the Foundational Crisis: ULOGIC's postulated ability to define sets 
directly and safely, without relying on ad hoc axioms or complex hierarchies, would 
attack the very root of the paradoxes that caused the crisis. If ULOGIC can handle 
self-reference and the formation of collections without inconsistencies, then it offers 
a foundation for mathematics that is more natural, direct, and unified than ZFC or 
Type Theory. 
 

• Resolution of the Syntax/Semantics Tension: The history of foundations is marked 
by the tension between formal systems (syntax) and their meaning or interpretation 
(semantics). ULOGIC is an uninterpreted and self-contained language. Therefore, 
mathematical truth (semantics) within ULOGIC is identified with provability (syntax), 
avoiding the limitations of Gödel's incompleteness (see next point), and offering a 
more coherent picture of mathematical knowledge. 
 

• Revision of Metamathematical Results: The limitative theorems of Gödel and 
Löwenheim-Skolem are pillars of our understanding of current formal systems, but 
they depend on the characteristics of first-order logic and the separation between 
object language and metalanguage. Furthermore, all of this depends on the existence 
of an "external semantics" (Tarskian interpretation of formal language in mathematical 
structures). ULOGIC has an internal, uninterpreted semantics and eludes this problem 
at its root (the "great metamathematical theorems" become irrelevant). 
 

• New Philosophy of Mathematics: A foundational system as different as ULOGIC 
would inevitably generate new philosophical perspectives. 
 
 

 

 

6.3 Opportunities for Neuro-Symbolic Artificial Intelligence 

The features of ULOGIC would make it particularly suitable for addressing key challenges in 
Artificial Intelligence (AI), especially in the emerging field of neuro-symbolic AI, which seeks 
to combine the strengths of deep learning (neural networks) and symbolic reasoning (logic, 
algorithms). 
 



● Integrated Logical-Algorithmic Reasoning: Current AI often excels at pattern 
recognition (neural) but falters in abstract logical reasoning, complex planning, and 
algorithmic understanding (symbolic). ULOGIC, by unifying logic and algorithms as 
expressions of the same system, could provide the ideal formal framework for the 
symbolic component of neuro-symbolic architectures. It would allow an AI to reason 
fluidly about logical relationships and algorithmic processes in an integrated manner. 
 

● Self-Sufficiency and Meta-Reasoning: One of the great goals of AI is to create 
systems capable of reasoning about their own reasoning, learning new strategies, and 
verifying their own conclusions. ULOGIC's capacity for safe self-reference and the 
internalization of derivations and executions would eliminate the need for external 
meta-levels or manual coding of these reflective capabilities. An AI based on ULOGIC 
could, in principle, analyze its own proofs, debug its own algorithms, and adapt its 
reasoning processes autonomously. 

 

● Global and Reusable Knowledge Base (TekDocs): Knowledge representation is a 
central challenge in AI. The proposed network of TekDocs would offer an 
unprecedented knowledge base: global, formally defined, internally verified (since 
proofs and executions are part of the system), and reusable. AIs could access this 
network to obtain proven theorems, verified algorithms, and validated computational 
results, allowing for a cumulative and reliable construction of knowledge, overcoming 
the fragility and opacity of many current knowledge bases. 

 

● Overcoming Current AI Limitations: By providing a language capable of expressing 
and manipulating both declarative knowledge (logic) and procedural knowledge 
(algorithms) in an integrated and self-referential way, ULOGIC could enable the 
development of AIs with much more robust and flexible reasoning, explanation, and 
generalization capabilities than current ones, approaching a more grounded and 
understandable form of general artificial intelligence. 
 
 
 
 
 

 

6.4 ULOGIC as a Response to Historical Limitations 

It is revealing to observe how the postulated features for ULOGIC “seem tailor-made” to 
overcome the difficulties and limitations that have marked the history of the foundations of 
mathematics and computational logic, as discussed in the previous sections of this report. 
 



● Against Paradoxes: Naive theory succumbed to paradoxes derived from self-
reference and unrestricted comprehension. ULOGIC promises safe self-reference and 
a direct definition of sets that avoids these contradictions from the ground up. 

● Against Indirect Axiomatization: ZFC and the Theory of Types responded to the 
paradoxes with restrictive axiomatic systems or complex hierarchies, introducing their 
own controversies (AC, Reducibility) and a certain artificiality. ULOGIC proposes to 
avoid axioms and types through a fundamentally sound definition. 

● Against Formal Limitations: Standard formal systems based on FOL suffer from 
incompleteness (Gödel) and semantic relativity (Skolem), partly due to the separation 
between object language and metalanguage. ULOGIC is postulated as a more powerful, 
self-contained system with internal semantics that eludes these limitations.  

● Against the Logic-Computation Separation: Historically, formal logic (focused on 
truth and derivation) and computation theory (focused on algorithms and processes) 
developed largely separately. ULOGIC proposes a fundamental integration, treating 
algorithms, executions, and derivations as expressions of the same system. 

● Against Knowledge Fragmentation: Current mathematical and computational 
knowledge is scattered across publications, code, and databases in heterogeneous 
formats, making formal verification and large-scale reuse difficult. ULOGIC, with its 
interconnected TekDocs, offers a vision of a global, formal, verifiable, and reusable 
knowledge network. 

 
 
 
In this sense, ULOGIC can be interpreted as a “utopian vision” of a foundational system that 
resolves, by design, the most thorny problems that logicians and mathematicians have faced 
over the last century. 
 
 
If such a system (ULOGIC) is possible and is implemented and defined in detail, it would 
represent not only a revolution in foundations but also in the way we conceive and use formal 
knowledge. 
 
 



7. Conclusions: Reflections on Foundations and the 
Future 

7.1 Synthesis of the Journey 

The journey through the history and philosophy of the foundations of mathematics reveals a 
fascinating narrative of confidence, crisis, and reconstruction. 
Starting from the apparent solidity of Cantor's naive set theory, considered a "paradise," 
mathematics was plunged into a deep existential crisis with the discovery of the paradoxes of 
Russell, Cantor, and Burali-Forti. 
 
These contradictions exposed the inherent flaws in human intuition when faced with 
concepts like infinity and self-reference. The response involved a radical shift towards 
formalization and axiomatization, culminating in systems like the Theory of Types in Principia 
Mathematica and, more influentially, the Zermelo-Fraenkel theory with Choice (ZFC). 
However, these reconstruction attempts were not without problems. The Theory of Types 
required the controversial Axiom of Reducibility, and ZFC, though pragmatically successful, is 
based on the disputed Axiom of Choice and faces the metamathematical limitations revealed 
by Gödel (incompleteness, unprovability of consistency) and Skolem (relativity of set-
theoretic concepts, countable models). 
 
These technical developments fueled a vibrant philosophical debate about the nature of 
mathematical reality and our knowledge of it, giving rise to currents such as logicism, 
intuitionism, formalism, Platonism, and structuralism, with none achieving a definitive 
consensus. 
 
The relativity of set-theoretic concepts, explored by Skolem and taken to its ultimate 
consequences by Putnam in his argument against metaphysical realism, underscores the 
persistent gap between formal systems and the reality (or meaning) they attempt to capture. 

 

7.2 Lessons Learned 

This tumultuous history offers several important lessons about the nature of mathematics 
and its foundations: 
 

● The Fallibility of Intuition: The paradox crisis demonstrated forcefully that intuition, 
especially when applied to abstract concepts like the actual infinite or self-reference, is 
not an infallible guide and can lead to contradictions. Formal rigor and axiomatization 



became necessary to control and discipline intuition. 

● The Power and Limits of Formalization: Axiomatization and formalization (ZFC, FOL) 
provided extraordinarily powerful tools for rebuilding mathematics on safer grounds 
and studying its metamathematical properties. However, Gödel's results showed that 
no consistent and sufficiently rich formal system can be complete or prove its own 
consistency²⁷, establishing inherent limits to the power of formalization. 

● The Complexity and Relativity of Fundamental Concepts: Concepts that seemed 
clear and intuitive, such as "set," "membership," "truth," "provability," "finite," "infinite," 
"countable," and "uncountable," turned out to be much more complex and, in the 
context of first-order formal systems, relative to the model or interpretive framework 
considered (Skolem, Putnam). There is no single "absolute" perspective guaranteed by 
standard formalism. 

● The Persistence of Philosophical Debate: The inability of formal systems to 
definitively resolve questions about the ontological nature of mathematical objects or 
the ultimate source of mathematical truth ensures the continued relevance of the 
philosophy of mathematics. Interpreting mathematical and metamathematical results, 
and making sense of mathematical practice and its astonishing applicability, still 
requires philosophical reflection. 

 

 

7.3 The Legacy of ZFC and the Current State 

Despite its debatable philosophical foundations (especially AC) and its known 
metamathematical limitations, ZFC remains the standard axiomatic framework for set theory 
and, therefore, for most of contemporary mathematics. Its success is pragmatic: it has 
proven robust enough to avoid known paradoxes and rich enough to express and develop 
almost all of modern mathematics. 
 
The mathematical community largely operates within ZFC (or subsystems thereof), often 
without explicit concern for foundational subtleties, relying on its apparent consistency and 
utility. 
 
Philosophically, however, the situation is one of pluralism. Different schools of thought 
coexist, each offering a distinct interpretation of the ontology, epistemology, and semantics 
of mathematics, reflecting the profound complexity of the foundational questions that the 
20th-century crisis brought to light. 
 



 

7.4 The Horizon of ULOGIC 

The introduction of ULOGIC represents an aspiration to transcend current limitations and 
controversies. 
 
If a system with the ability to define sets safely and directly, handle self-reference without 
paradoxes, integrate logic and computation, and operate with an embedded meta-level were 
realizable, it could effectively revolutionize foundations. 
 
It would offer the promise of a unified, consistent, and potentially more complete basis for 
formal reasoning, overcoming the dependence on restrictive axioms and the dichotomies 
between syntax and semantics, or between object language and metalanguage. 
 
Its impact on AI, by providing a framework for self-sufficient logical-algorithmic reasoning 
and a reusable formal knowledge base (TekDocs), would be equally profound. 
 
 

7.5 The Cycle of Crisis and Reconstruction 

Finally, the historical trajectory analyzed suggests a recurring pattern. Mathematics advances 
by building systems based on the intuitions and logical tools available at each era (Euclidean 
geometry, naive set theory, Hilbert's formalism). 
 
Eventually, limitations, inconsistencies, or paradoxes are discovered in these systems (non-
Euclidean geometries, set-theoretic paradoxes, Gödel's theorems). This provokes a crisis that 
drives a phase of reconstruction on modified, often more rigorous, formal, or restricted bases 
(Hilbert's axiomatization, Theory of Types, ZFC, acceptance of incompleteness). 
 
Each new framework, in turn, can generate its own debates and eventually reveal new 
limitations (Skolem's relativity, AC controversy, debates over higher-order logics). 
ULOGIC, in this context, represents the ambition to design a system that breaks this cycle, 
addressing the root causes of previous crises through a fundamentally different logical 
architecture. 
 
Whether it manages to be the "final reconstruction" or simply the prelude to a new crisis is an 
open question that belongs to the speculative future of logic and mathematics. 
The journey from Cantor's lost paradise to the relative universes of Skolem and Putnam 
continues, and the search for secure and meaningful foundations remains a central driver of 
mathematical and philosophical thought. 
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